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Abstract. In spite of the fact that analytical programs change and mathematical school texts 

adapt to new education needs, students, internationally, continue to have difficulties when 

handling fractions. This paper presents the results of a research conducted on students of the 

5th and 6th grade of elementary school and its purpose was to investigate at what extent the 

use of multiple representations is possible to help students cope with difficulties on 

mathematics and thus to boost their self-confidence in mathematics. For that purpose, the 

concepts of fractions was chosen are classification of fractions as a representation on the 

number line, as well as the concepts of the unit’s division in equal parts and the concept of 

the improper fractions. Thus, we present education practices were applied by our research 

team. These teaching practices take into account the results as stated by international 

bibliographies as well as years of research of our team on rational numbers. They emphasize 

on multiple representations, use of experiential activities and activities carried out on 

electronic platforms. In additional, the present research deepens with semi-structured 

interviews of the participants. The results of the research indicate that students after 

instructive interventions with the use of multiple representations performed better on 

fractions and increased their self-esteem in mathematics. 

Key words. Fractions, instructional practices, multiple representations, students’ self-

confidence. 

 

Sommario. Nonostante il fatto che i programmi analitici cambino e che i testi scolastici 

matematici si adattino ai nuovi bisogni educativi, gli studenti, a livello internazionale, 

continuano ad avere difficoltà nel maneggiare le frazioni. Questo documento presenta i 

risultati di una ricerca condotta su studenti del quinto e sesto grado della scuola elementare 

e il suo scopo era quello di indagare in che misura l'uso di rappresentazioni multiple è 

possibile per aiutare gli studenti a far fronte alle difficoltà della matematica. A tale scopo, 

sono stati scelti i concetti di frazioni come classificazione delle frazioni come 

rappresentazione sulla linea numerica, nonché i concetti della divisione dell'unità in parti 

uguali e il concetto delle frazioni improprie. Quindi, presentiamo le pratiche educative 

applicate dal team di ricerca. Queste pratiche di insegnamento tengono conto dei risultati 

dichiarati dalle bibliografie internazionali e di anni di ricerca del nostro team su numeri 

razionali. Sottolineano su molteplici rappresentazioni, l’uso di attività esperienziali e attività 

svolte su piattaforme elettroniche. In aggiunta, la ricerca attuale si approfondisce con 

interviste semi-strutturate dei partecipanti. I risultati della ricerca indicano che gli studenti 

dopo interventi istruttivi con l’uso di rappresentazioni multiple hanno ottenuto risultati 

migliori sulle frazioni e aumentato la loro autostima in matematica. 
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Parole chiave. Frazioni, pratiche didattiche, rappresentazioni multiple, fiducia in sé stessi. 

 

Introduction 

The purpose of this paper is to provide instructional practices over time implemented by the 

research team and its positive effect on fraction understanding and students' self-confidence in 

mathematics. These instructional practices consider the difficulties of students emerged both from 

the literature and years of research team on the rational numbers. They emphasise multiple 

representations and they made use experiential activities and digital representations. The content 

and activities of teachings were determined by the findings of timeless researches conducted since 

2011 to this day and help students reduce the difficulties they face with the concept of fractions 

classification as a representation on the geometric model of number line, as well as with the 

concepts of unit division in equal parts and improper fractions with the help of multiple 

representations with the ultimate goal of developing students’ self-confidence in mathematics. 

These concepts were chosen because several researchers claim that they are essential for 

developing rational number meaning and also they are associated with the understanding of other 

mathematical meanings (Jordan et al., 2013). Lee and Shin (2015) indicate that the distributive 

partitioning operation was revealed in various mathematical problem situations such as fraction 

multiplication, fraction division, and multiplicative transformation between fractional quantities. 

Additionally, the knowledge of improper fractions associates with problem posing (Avgerinos, 

Vlachou, 2013). Moreover, the implicit use of fractional can lead to more explicit use of structures 

and relationships in algebraic situations (Empson et al. 2011; Hackenberg, 2013). The fractional 

knowledge, that is, influenced how students wrote equations to represent multiplicative 

relationships between two unknown quantities (Lee, Hackenberg, 2014). Other researchers 

claimed that the division of a unit into equal parts, is essential for developing rational number 

meaning (Kieren, 1992; Mack, 2001; Steffe, Olive, 2010) and for developing whole number 

understandings (Boyce, Norton, 2016). 

Literature review 

Multiple representations in mathematics 

In education at least in some instances no understanding can be achieved without the aid of 

representation. Such a case is the notion of fractions. In mathematics education, the concept of 

representation is used as equivalent to a sign that shows and makes present a mathematical 

concept - a symbol or mark to think about the concept. Representations are those schemes or 

mental images with which the subjects work on mathematical ideas (Castro-Rodríguez et al., 

2016). Particularly, it is usual to consider the duality, external and internal representations. To 

think about and to communicate mathematical ideas we need to represent them in some way. 

Communication requires that the representations be external, taking the variety of forms, 

including pictures (e.g., drawing, charts, graphs), written symbols (e.g., numbers, equations, 

words), manipulative models, oral language (e.g., talk between pairs of students and whole class 
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discussion), and real-world situations (Ryken, 2009). The multiple representations are the use 

variety of these external representations during teaching a mathematics concept. 

According to some researches (Card et al., 1999; Cuoco, Curcio 2001; Cheng, 2002; Dreher, 

Kuntze, 2015) representing mathematical objects in multiple ways plays an important role in 

mathematical understanding and brings value to teaching processes. In addition, recent trends in 

curriculum standards, including standards developed by the National Council of Teachers of 

Mathematics (NCTM, 2000), have highlighted the productive role that drawn models and other 

external representations can play in teaching and learning mathematics (Jacobson, Izsak, 2015). 

Although the representations add complexity, using a range of representations is necessary for 

developing children’s fractions understanding because each provide links to the underlying 

fractions concepts and children require support to make active connections within and between 

the various representations (Hansen et al., 2016). 

However, in 1993 Duval called attention to a cognitive paradox hidden within in various 

representations. Handling these representations choosing he distinguishing features of the concept 

we must treat and convert, is not learnt automatically. This learning results from a process of 

explicit teaching in which the teacher must render the student co-responsible. Teachers often 

underestimate this aspect and passing from one register to another, believing that the student 

follows. The teacher is able to jump from one register to another without problems, because he 

has already conceptualised: while in fact the student does not so, the student follows at the level 

of semiotic representatives, but not of meanings (Fandiño Pinilla, 2007). 

Understanding and self-confidence in mathematics 

The importance of beliefs in mathematics education is in concordance with the constructivist 

understanding of teaching and learning. We understand beliefs as “an individual's understandings 

and feelings that shape the ways that the individual conceptualizes and engages in mathematical 

behaviour” (Schoenfeld, 1992:358). Mathematical beliefs can be divided into four main 

components: beliefs on mathematics, beliefs on oneself as a mathematics learner/applier, beliefs 

on teaching mathematics, and beliefs on learning mathematics (Lester et al., 1989). In this paper, 

we will deal with beliefs on oneself as a mathematics learner/applier, in other words, with self-

confidence.  

Several studies have shown that the learning of mathematics is influenced by a pupil’s 

mathematics-related beliefs, especially self-confidence (Hannula & Malmivuori, 1996; House, 

2000).  So, self-confidence has a remarkable connection with success in mathematics. However, 

self-confidence and understanding self-esteem relate to the way of teaching. In other words, the 

passage from “Knowledge” (academic) to “learned knowledge” (of the student) is the result of a 

long and delicate path leading first to the knowledge to be taught, then to the knowledge actually 

taught and finally to the knowledge learnt. In this sequence, the first step of transforming 

“Knowledge” into “knowledge to teach” is called didactic transposition and constitutes a moment 

of great importance in which the professionalism and creativity of the teacher are of utmost 

importance (Fandiño Pinilla, 2007). 

 

 



Roza Vlachou, Evgenios Avgerinos 

 
 

 
570   EDiMaST — Volume 4, 2018 
 
 

Teaching with representations 

Research on international literature took place, reviewing current literature about 

representations in fractions in order to study and record the results of the surveys that have been 

published on the representations in fractions. In other words, which representations have emerged 

through these surveys as the most appropriate or inappropriate ones for the students to understand 

the notion of fractions and specifically, the concepts of classification of fractions as a 

representation on the number line, as well as the concepts of the unit’s division in equal parts and 

the concept of the improper fractions. The review showed that there are hardly any teaching 

approaches and proposals made by the researchers on how teachers can deal with teaching and 

not only on the difficulties faced by students in fractions.  

More specifically, as far as the number line is concerned, Brousseau et al. (2007) conducted a 

series of interventions in order to lead students’ day by day to invent, understand and become 

very good at all aspects of both basic mathematical structures, the rational and decimal numbers. 

The intervention included a total of 65 courses (15 cycles) which were held in the fourth grade of 

Michelet school. The courses were repeated in two parallel classes with different teachers in a 

period of over 15 years, which means that more than 750 students have taken part in them. In the 

third lesson of the fifth cycle a representation of fractions on the number line takes place, leading 

gradually to the representation of the number line (see Fig. 1, 2, 3, 4) through a range of playful 

procedures and teaching methodology. According to this research, at the end of this activity, most 

students can quickly and undoubtedly put decimal fractions on the number line, and all students 

can analyze a decimal fraction in units, tenths, hundredths etc.  

 

 

Fig. 1 – Interval [1,2) Fig. 2 – 14/10 and 15/10 on number line 

 

 

 

 

Fig. 3 – Number line points in hundredths Fig. 4 – Finale form of number line 

 

Another research proposal on the number line is that of Sedig and Sumner (2006) who reported 

the importance of visual representations of mathematics and the use of digital tools that enable 

them. One of these tools is the use of zoom on the number line (see Fig. 5). Zooming raises or 

lowers the level of detail on the number line, allowing students to visualise dividing numbers into 

equal parts and thus facilitate the transition to the field of rational numbers. 
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Fig. 5 - Several levels of conceptual zooming of a number line 

Hansen et al. (2016) report their article the iTalk2Learn. ITalk2Learn is a Fraction Lab with the 

aim of developing an open-source intelligent tutoring platform that supports math’s learning for 

students aged 5 to 11. It allows students to learn from a system in a more natural way than ever 

before. This empowers educators to deliver the right lesson at the right time for every child, 

enabling personalized learning at scale. In addition, this Fractions Lab utilized a variety of 

fractions representations including continuous and discrete fractions and fractions in one, two and 

three dimensions (number line, area/region, and liquid measures, respectively), developing, in 

this way, children’s conceptual understanding with a virtual manipulative (see Fig. 6).  

 

Fig. 6- Fractions Lab showing three representations for 1/4 

Regarding the understanding of dividing a unit into equal parts, in their research Olive and 

Vomvoridi (2006) suggest teachers to avoid incorrect representations, where the division of the 

fractional unit in equal parts (see Fig. 7) is not frequently observed, which may lead students to 

believe that diving the unit in equal parts is not necessary. In addition, Tobias (2013) claims that 

the understanding of the equidivision of a unit into parts depend on the language which the 
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teachers use for defining the whole (e.g. the distinction among of a, of one, of each, and of the). 

 

Fig. 7 -Representation about to how to distribute 8 pizzas in 10 people 

As far as improper fractions are concerned, Hackenberg (2007) used the JavaBars software on the 

approximation of the notion, noting the importance of the ability to create improper fractions for 

placing numbers on the number line, for the construction of fractional numbers that lead the way 

to developing a sense of consistency and continuity to the numbers (see Fig. 8). 

 

Fig. 8 - Representation of 6/5 on JavaBars 

Methods 

The researches followed a qualitative, quantitative approach. Moreover, a content analysis 

and case study were carried out. Thus, a triangulation was formed, which was methodological, 

temporal, topical and theoretical in order to achieve stabilization of findings (Cohen et al. 2011). 

Aim of research 

The main purpose of the present study is to provide instructional practices over time 

implemented by the research team and its positive effect on fraction understanding and 

development of students' self-confidence in mathematics. 
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Participants 

The sample of the study involved 54 students of the 5th and 6th grade of elementary school 

in Greece, age 11-12 years. The sample selection was stratified and symptomatic according to the 

purposes and needs of the research. 

Instrument 

Regarding the data collection methods, questionnaires and tests written by researchers 

themselves were used, which reached their final form after pilot studies. Furthermore, 

instructions, some semi-structured interviews, video recordings, observation and literature study 

were employed. To achieve the aims of research, students answered a questionnaire – before and 

after of teachings – which were prepared by our research team to order to be examined the 

perceptions and the difficulties of pupils at the concept of fractions. The essay contained two 

parts. The first part of the questionnaire included 22 beliefs questions and second part included 

seven exercises about fractions. 

Data analysis 

To analyze the survey data, and in addition to the descriptive analysis, the Statistical 

Implicative Analysis by Gras, using the CHIC (Cohesive Hierarchical Implicative Classification) 

software (Gras et al., 1997) and Microsoft Excel program were used. The implication analysis of 

data was performed through similarity diagrams, in which the variables were associated with each 

other depending on the similarity or non-similarity they present. Variables in whose solution the 

subjects behave similarly are grouped together. In addition, the implication analysis of data was 

performed through implicative graph which presents the variables were associated with each other 

with implications which are valid at level of significance of 99%. 

Variables of research 

The variables were defined as a combination of letters and one number. The letters indicate 

the initial of concept which is examined. For example, the variable NLi5a is composed of the 

initial proposal “Number Line” because the locating a number on a number line is examined and 

number 5a indicates the question of questionnaire. According to the implicative analysis, 

equivalent to a value of 1 was assigned to every item if the answer is correct and 0 if the answer 

is wrong or missing. 

Instructive interventions 

The content and activities of teachings were determined by the findings of timeless 

researches conducted since 2011 to this day and help students reduce the difficulties they face 

with the concept of fraction as a representation on the geometric model of number line, as well as 

with the concepts of unit division in equal parts and improper fractions with the help of multiple 

representations with the ultimate goal of developing students’ self-confidence in mathematics. 

Participants were 54 fifth and sixth-grade students (11–12 years old). Three classes were 

designated-1 class of fifth and 2 classes of sixth grade students. The sample selection of fifth glass 
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and one of two classes of sixth-grade students were symptomatic. The sample selection of the 

second sixth class was stratified. In particular, in this class participated nine students: three 

students with high performance at school mathematics, tree students with mediocre performance 

at school mathematics and three students with low performance at school mathematics. 

The teaching interventions were made at different times for each class and they last for two weeks 

each one. The instructive interventions were implementing by our research team and were divided 

in 7 phases. 

The first phase 

The first phase involved completing written essays before the lectures. The essay contained 

two parts. The first part of the questionnaire included 22 beliefs questions and second part 

included seven exercises about fractions and specifically about the notions of equal parts of the 

fractional unit, improper fractions and sequences of rational numbers on the geometric model of 

number line. The aim of this phase is to be examined the students’ fraction knowledge and their 

beliefs about mathematics before the start of the activities. In this phase participated all three 

classes of the sample. 

The second phase 

The second phase involved semi-structured interviews of the participating students before 

the start of the activities. In this phase participated only the class of sixth grade whose sample was 

stratified (9 students). 

The third phase 

The third phase involved lectures that had as a target to expose students to as many multiple 

representations as possible (see Fig. 9a) and were about the concepts of equal parts and improper 

fractions. This phase aims to students’ conceptual development about unit fraction and about the 

equidivision of a unit into parts. In addition, this phase aims to develop the students’ ability to 

translate from one representation of the concept of fraction to another. 

 

Fig. 9a - Multiple representations during 3th phase of lectures 

The presentation of the representations was made with a variety of software (e.g., Microsoft 

PowerPoint, Microsoft Word software) and included 55 multiple representations in total. In these 
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multiple representations included pictures of fraction unit which were not division into equal part 

(see Fig. 9b). In this phase participated all three classes of the sample. 

 

 

Fig. 9b – Representation of unit which were not division into equal part 

The fourth phase 

The fourth phase included lectures that were about putting fractions on the number line with 

the use of experiential representation and representation in a computing environment with the use 

of the software ConceptuaMath → Place Fractions on the Number Line (see Fig. 10b). This 

software it is possible to represent a fraction with variety of representations (e.g., symbol, number 

line, decimals, percent etc.). This phase aims to take students should be capable of locating a 

number on a number line and, conversely, be able to identify a number represented by a certain 

point on the number line. In addition, it aims to develop students’ knowledge that between any 

two fractions there is an infinite number of fractions. In this phase participated all three classes of 

the sample. 

This phase begins with a rope was placed on the board representing the number line on which the 

points 0, 1 and 2 were set (see Fig. 10a). Several tabs were given to students showing different 

fractions, either improper, proper, whole etc. and each student came to the board in order to place 

his/her tab correctly on the number line, with reference to existing points, at the beginning only 

0,1 and 2, and then to the students' tabs that had been placed on the number line as well. Before 

the students placed their tab in the number line, they had to report to their classmates, externalising 

their thoughts, the reason why they intended to place the tab at this point of the number line. Some 

externalizations of ideas of the students’ arguments are fowling: 

For 3/4: The numerator is smaller than the denominator, so my fraction is smaller than the 

unit, so I will place it before 1. 

For 299/299: The numerator is equal to the denominator, so it is equal to the unit, so I'll place 

it under 1. 

For 2/150: 2 is very far from 150 which is my unit, so my fraction is close to 0. 

For 1/4 (students had already placed 1/5 and 1/3 on the number line): My fraction has the same 

numerator with 1/5 and 1/3 so it goes between them, since in fractions with same numerator, the 

one with the smallest denominator is the greatest. 

For 149/150: My fraction is very close to the unit, so I'll put it next to 1. 

For 8/9: My fraction is very close to unit, it only needs one piece to be 9/9 but this piece is 

larger than the piece of 149/150 which also needs one piece to be 150/150 so I'll put it next to 1, 
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before 149/150. 

For 5/4: In my fraction the numerator is greater than the denominator, so my fraction is greater 

than the unit so I'll put it after 1. 

 

Fig. 10a –  The finale form of activities for number line using experiential representation 

In any explanation given by the students for their choice, a debate takes place first between the 

group and then between all groups for whether the choice of each student is correct or not. The 

confirmation, questions and errors are corrected by the students themselves, using the software 

Conceptual Math → Place Fractions on a Number Line (see Fig. 10b). 

 

Fig. 10b – Activities for number line using the software ConceptualMath 

The fifth phase 

The fifth phase included the application of Fraction Battles Software which was created by 

the research team (see Fig. 11). This software was about the concepts of the equal parts of a unit, 

of improper fractions and of the classification of rational numbers on the geometric model of the 

number line. The software’s target was to familiarize students with rational numbers and help 

them reduce difficulties they face with fractions with the assistance of multiple representations 

on which the added value of the software through a variety of activities of a dynamic multimedia 

environment. In this phase participated all three classes of the sample. 

For its design, all findings from longitudinal surveys from 2011 to 2015 were considered. These 

researches were carried out by our research team and they investigated the difficulties faced by 

students in primary and secondary education over rational numbers and the perceptions of 

prospective teachers over rational numbers, the structure and content of textbooks of mathematics 
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in primary school, as well as on the teaching suggestions and approaches that several researchers 

have proposed on an international level. This means that every activity of the game is intended to 

cover a specific difficulty that students face with fractions. 

  

Fig. 11 – Home page of Fraction Battles software Fig. 12 – Digital dashboard of Fraction Battles 

 

In order to win in Fraction Battles, students must arrive at the finish, throwing the dice and 

following the route shown in figure (Fig. 12). The route includes 27 points/activities. Each time 

a student stops at some of these points, he is asked to answer the question/activity by clicking on 

the corresponding position. If he answers correctly, he continues, otherwise he waits for his turn 

again. Each activity is designed to refute some of the difficulties students have in rational 

numbers, as highlighted by previous research. In addition, activities are graded by difficulty (see 

Fig. 13). 

  

Fig. 13a – Indicative activities of Fraction Battles 

Software: activity for translating from one 

representation of the concept of fraction to another 

Fig. 13b – Indicative activities of Fraction Battles 

Software: activity for improper fractions 

The sixth phase 

The 6th phase involved completing the written essays at the end of the learning process. The 

essay contained two parts, like the first phase. The aim of this phase is to be examined the 

students’ fraction knowledge and their beliefs about mathematics after at the end of the learning 

process. In this phase participated all three classes of the sample. 
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Fig. 13c – Indicative activities of Fraction Battles Software: activity for the equidivision of a unit into parts 

The sixth phase 

The 6th phase involved completing the written essays at the end of the learning process. The 

essay contained two parts, like the first phase. The aim of this phase is to be examined the 

students’ fraction knowledge and their beliefs about mathematics after at the end of the learning 

process. In this phase participated all three classes of the sample. 

The seventh phase 

The 7th phase involved semi-structured interviews of the participating students (students of 

second phase) after the instructional interventions. 

Results and findings 

The implication analysis of data was performed through similarity tree and implicative graph. 

In similarity tree (see Fig. 14, 15) the variables were associated with each other depending on the 

similarity or non-similarity they present. Variables in whose solution the subjects behave similarly 

are grouped together. In implicative graph (see Fig. 16) the variables were associated with each 

other with implications which are valid at level of significance of 99%. The implication Task 1 

→ Task 2 means that the success in Task 1 involves success in Task 2 and the failure to Task 2 

entails failure in Task 1. 

After the teaching interventions, an improvement in students’ performance was observed from 

data analysis (see Fig. 14, 15). In particular, in finding fractions on the number line, the success 

rate was initially 25% (ΝLi5a, ΝLi5b, ΝLi6ei) and while in the post-activities rates, it rose to 

84%. On the notion of unit division into equal parts, we also observed increased success rates, 

since in exercises concerning recognizing fraction in shapes that were not divided into equal parts 

(UnFD1a, UnFD1b, UnFD2a, UnFD2d, UnFD2st), rates from 14% in pre-activities, rose to 89% 

in post-activities. Noteworthy is that the students stated during interviews before the teachings 

that it is not necessarily fractional unit is divided into equal parts.  
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In additional, we observed increased success rates in the notion of improper fractions as well, as 

they rose from 29% to 75% (ImpP7, ImpD2z, ImpD1d) in recognizing improper fraction from a 

diagram. During interviews before the teachings the many students stated that they did not know 

what improper fraction means. 

Similarity Tree 

How this positive change in student performance in rational numbers due to multiple 

representations is possible to boost their self-confidence in mathematics? 

 

Fig. 14 - Similarity tree 1-Results of pre-test 

According to similarity tree 1 (see Fig. 14), which presents the task before the instructive 

interventions, it is possible to distinguish observe four groups. The first group, group A consists 

mainly of the variables that present the tasks which are related to the concepts of the unit’s 

division in equal parts and the concept of the improper fractions ((UnFD1a BelB2) (((CoEq3e 

ImpS6c) ImpP7) BelB1)). These variables are related to the variables BelB2 and BelB1, which 

concern the belief of students that mathematics would be more attractive to them if they were not 

so difficult. 

From the third group (group C, Fig. 14) it seems that the understanding of improper fraction 

relates to development of students' self-confidence in mathematics ((ImpD2z BelA3) (BelA2 

BelA1.1)). In particular, the students, who stated that they like mathematics and that they are 

important in human life, achieve to a high success rate in tasks about improper fractions.  

On the other hand, according to group D (see Fig. 14) we can observe that the ability of 

classification of fractions as a representation on the number line, associated with the variables 

Group A 
Group Β Group C Group D 
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BelA1, BelD1, BelE2 which concern three categories of statements. The first statement is that 

students like mathematics (BelA1). The second statement concerns the teaching method (BelD1) 

and third statement concerns the satisfaction of students according to their performance in 

mathematics (BelE2). In other words, the students who stated that they like to learn mathematics 

and that their teachers used examples from everyday life to solve problems and they were satisfied 

from their performance in mathematics, these students had better performances in tasks about 

classification of fractions as a representation on the number line. 

Comparing similarity tree 1-results of pre-test (see Fig. 14) and Similarity tree 2-results of post-

test (Fig. 15), we observe that the improvement of student performance after the explicit 

instructive interventions using multiple representations positively reinforced the attitude of 

students towards Mathematics.  

 

Fig. 15 - Similarity tree 2- Results of post-test 

In particular, in group A of similarity tree 2 (see Fig. 15) we observe that the improvement on 

student’s performance on the tasks which the fractional unit presented with diagrammatic 

representation and it’s not divided in equal parts encourages mostly students who stated that they 

are satisfied from their performance in mathematics ((UnFD1a UnFD1b) BelE2). That change of 

attitude led to better student’s performance in placing improper fractions on the number line 

(((UnFD1a UnFD1b) BelE2) (NLiImp6eii NLiImp6eiii)). 

On group B of similarity tree 2 (see Fig. 15) we observe that the change on the way of teaching 

with the use of multiple representations improves student’s performances on the concept of the 

improper fraction and on finding a fraction between two fractions ((ImpD1d BelD1) (Ord6a 

BelD2)). This improvement on student’s performance led to the change of their belief that 

mathematics are not so difficult (((ImpD1d BelD1) (Ord6a BelD2)) (BelB1 BelB2)). 

Group A Group B Group C Group D 
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In addition, the improvement on student’s performance on more complicated tasks (group C, Fig. 

15) such as explaining their solutions of problems on improper fractions, changes the student’s 

attitude towards mathematics and they stated that they like to learn mathematics and that it’s 

important for them to be good at mathematics ((OrdAd6b ImpP7J) (BelA1 BelE1)).  

Same as above, group D, Figure 15, presents that the improvement on solving problems of 

improper fractions boost the state of students that they like mathematics and that mathematics are 

important on our lives ((ImpP7 BelA3) (BelA2 BelA1.1)). 

Implicative graph 

The above findings are reinforced by the implicative graph (see Fig. 16) which presents the 

variables were associated with each other with implications which are valid at level of 

significance of 99%. More specifically, a positive attitude in mathematics (BelB1) helps students 

to solve tasks involving both the classification of fractions (CoEqe) and solve problems with 

improper fractions. Also, the ability of students to solve the above tasks implicates positive 

change in students’ beliefs about mathematics at three levels, at the level of attitudes (BelA1.1, 

BelA2), at the level of beliefs (BelB2) and at the level of encouragement (BelE2). In other words, 

students who have improved their performance on these tasks stated that they like mathematics, 

that mathematics is not so difficult as originally stated and they stated more satisfied with their 

performance in mathematics. The important finding is that the students after the learning process 

develop a positive attitude in mathematics (BelB1) which helps them to solve difficult tasks. 

 

Fig. 16 - Implicative graph of post-test 

Conclusion  

Rational numbers are an important part of our students' mathematical literacy, as their 

understanding further contributes to Knowledge other mathematical notions (Empson et al., 2011; 

Jordan et al., 2013; Hackenberg, 2013; Avgerinos, Vlachou, 2013; Lee, Hackenberg, 2014; Lee, 
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Shin, 2015; Boyce, Norton, 2016). For this reason, many researchers move in this area by 

investigating the students' difficulties over rational number. Several of these studies share a 

common component: the idea that the way of teaching is a key factor influencing the future 

development of the notion of understanding in students' perceptions (Streefland, 1991; Sfard, 

1991; Lo, 1993; Chen, Li, 2009; Rønning, 2013; Howe et al., 2015; Dreher et al., 2016; Petakos, 

2016) and that the use of multiple representations can play productive role in teaching and 

learning of mathematics (Janvier, 1987; Dreher, Kuntze, 2015; Shahbari, Peled, 2015; Jacobson, 

Izsak, 2015; Deliyianni et al., 2016; Hansen et al., 2016). 

Hence, despite the research efforts, the constant changes in books, the suggestions etc. students 

still face the same difficulties and the student population present the same discouraging picture 

concerning rational numbers in all levels of education. The present study provided instructional 

practices how the use of multiple representations helps students to reduce their difficulties on 

fractions and its positive effect on fraction understanding and development of students' self-

confidence in mathematics. 

The analysis of the collected data both similarity statistical method and implicative graph showed 

that multiple representations helped enough students to reduce their difficulties about 

classification of fractions as a representation on the number line, as well as the concepts of the 

unit’s division in equal parts and the concept of the improper fractions.  

The reduction of difficulties of students seems to amplify students’ self-esteem about 

mathematics, as they stated to be more satisfied by their performance and expressed more interest 

for the subject. In particular, the students stated, on a 75% percentage of the respondents, that 

they are more satisfied by their performance on mathematics after the lectures with the use of 

multiple representations. In additional, students that stated that they don’t like learning 

mathematics (those students showed low performance on mathematics at school), after the 

interventions there was a change on their convictions, as they stated that they like mathematics.  

The more important finding is that the students after the learning process develop a positive 

attitude in mathematics which helps them to solve difficult tasks such as tasks with improper 

fractions. This change of positive attitude in mathematics was affected – according to statements 

of students in interviews – by better understanding. So, the findings of present research may help 

researchers and teachers to understand the significance, for some students, of use multiple 

representations and may help researchers to extend the use of representations to other 

mathematical concepts. 

Author Contributions 

All authors designed the study. In particular, E.  Aygerinos, and R. Vlachou created the 

application of Fraction Battles Software and activities of the teaching interventions. In additional, 

E. Aygerinos, and R. Vlachou collected the data, they analyzed the data and they wrote the 

manuscript. R. Vlachou made the teaching interventions. 

Declaration of Conflicting Interests 

The authors declared that they had no conflicts of interest with respect to their authorship or 

the publication of this article. 

 



Multiple representations and development of students' self-confidence on rational number 

 

 
EDiMaST — Volume 4, 2018  583 
 

 
 

 

References 

Avgerinos, E., Vlachou R., (2013). The consistency between the concepts of equal parts of the unit, 

improper fractions and problem-solving at candidate teachers of education departments. Proc. 30th 

Hellenic Conference on Mathematical Education (pp.135-147). Greece: Hellenic Mathematical Society 

(in Greek). 

Boyce S., Norton A., (2016). Co-construction of fractions schemes and units coordinating structures. The 

Journal of Mathematical Behavior, 41, 10-25. http://dx.doi.org/10.1016/j.jmathb.2015.11.003. 

Brousseau G., Brousseau N., Warfield V., (2007). Rationals and decimals as required in the school 

curriculum Part 2: From rationals to decimals. The Journal of Mathematical Behavior, 26(4), 281-300.  

http://dx.doi.org/10.1016/j.jmathb.2007.09.001 . 

Card S., MacKinlay J., Shneiderman B., (1999). Readings in information visualization: Using vision to 

think. San Francisco: Morgan Kaufmann Publishers. 

Castro-Rodríguez E., Pitta-Pantazi D., Rico L., Gómez P., (2016). Prospective teachers’ understanding of 

the multiplicative part-whole relationship of fraction. Educational Studies in Mathematics, 92(1), 129-

146. https://doi.org/10.1007/s10649-015-9673-4. 

Cheng P., (2002). Electrifying diagrams for learning: Principles for complex representational systems. 

Cognitive Science 26(6), 685–736. doi:10.1016/S0364-0213(02)00086-1. 

Chen X., Li Y., (2009). Instructional coherence in Chinese mathematics classroom a case study of lessons 

on fraction division. International Journal of Science and Mathematics Education, 8(4), 711-735.  

https://doi.org/10.1007/s10763-009-9182-y. 

Cohen L., Manion L., Morrison K., (2011). Research methods in education. UK: Routledge. 

Cuoco A. A., Curcio F.R., (2001). The roles of representation in school mathematics: 2001 Yearbook. 

Reston, VA: National Council of Teachers of Mathematics. 

Deliyianni E., Gagatsis A., Elia I., Panaoura A., (2016). Representational flexibility and problem-solving 

ability in fraction and decimal number addition: A structural model. International Journal of Science 

and Mathematics Education, 14(2), 397-417. https://doi.org/10.1007/s10763-015-9625-6. 

Dreher A., Kuntze S., (2015). Teachers’ professional knowledge and noticing: The case of multiple 

representations in the mathematics classroom. Educational Studies in Mathematics, 88(1), 89-114.  

https://doi.org/10.1007/s10649-014-9577-8. 

Dreher A., Kuntze S., Lerman, S., (2016). Why use multiple representations in the mathematics classroom? 

Views of English and German preservice teachers. International Journal of Science and Mathematics 

Education, 14(2), 363-382. https://doi.org/10.1007/s10763-015-9633-6. 

Duval R. (1993). Registres de représentations sémiotique et fonctionnement cognitif de la pensée. Annales 

de didactique et de sciences cognitives, ULP, IREM Strasbourg. 5, 37-65. 

Empson S. B., Levi L., Carpenter T. P., (2011). The algebraic nature of fractions: Developing relational 

thinking in elementary school. In J. Cai, & E. J. Knuth (Eds.), Early algebraization (pp. 409 – 428). 

Berlin, Germany: Springer. 

Fandiño Pinilla, M. I. (2007). Fractions: conceptual and didactic aspects. Acta Didactica Universitatis 

Comenianae. 7, 23­45. 

http://dx.doi.org/10.1016/j.jmathb.2015.11.003
http://dx.doi.org/10.1016/j.jmathb.2007.09.001
https://doi.org/10.1007/s10649-015-9673-4
http://dx.doi.org/10.1016/S0364-0213%2802%2900086-1
https://doi.org/10.1007/s10763-009-9182-y
https://doi.org/10.1007/s10763-015-9625-6
https://doi.org/10.1007/s10649-014-9577-8
https://doi.org/10.1007/s10763-015-9633-6


Roza Vlachou, Evgenios Avgerinos 

 
 

 
584   EDiMaST — Volume 4, 2018 
 
 

Gras R., Peter P., Briand H., Philippe J., (1997). Implicative statistical analysis. In C. Hayashi, N. Ohsumi, 

N. Yajima, Y. Tanaka, H. Bock, & Y. Baba (Eds.), Proceedings of the 5th Conference of the 

International Federation of Classification Societies (pp. 412-419). Tokyo, Berlin, Heidelberg, New 

York: Springer-Verlag. 

Hackenberg A. J., (2007). Units coordination and the construction of improper fractions: A revision of the 

splitting hypothesis. The Journal of Mathematical Behavior, 26(1), 27-47. 

      http://dx.doi.org/10.1016/j.jmathb.2007.03.002. 

Hackenberg J. A., (2013). The fractional knowledge and algebraic reasoning of students with the first 

multiplicative concept. The Journal of Mathematical Behavior, 32(4), 538-563. 

     https://doi.org/org/10.1016/j.jmathb.2013.06.007. 

Hansen A., Mavrikis M., Geraniou, E., (2016). Supporting teachers’ technological pedagogical content 

knowledge of fractions through co-designing a virtual manipulative. Journal of Mathematics Teacher 

Education, 19(2-3), 205-226. http://dx.doi.org/10.1007/s10857-016-9344-0. 

Hannula M. S., Maijala H., Pehkonen E., Soro R. (2002). Taking a step to infinity: Student’s confidence 

with infinity. Tasks in School Mathematics. In S. Lehti & K. Merenluoto (Eds.) Third European 

Symposium on Conceptual Change – A Process Approach to Conceptual Change (pp. 195–200). 

University of Turku: Dept Teacher Education in Turku. 

House J. (2000). Student self-beliefs and science achievement in Ireland: Findings from the third 

international mathematics and science study (TIMMS). International Journal of Instructional Media 

27(1), 107-115. 

Howe C., Luthman S., Ruthven K., Mercer N., Hofmann R., Ilie S., Guardia P., (2015). Rational number 

and proportional reasoning in early secondary school: towards principled improvement in mathematics. 

Research in Mathematics Education, 17(1), 38-56. 

     https://doi.org/10.1080/14794802.2015.1019914. 

Jacobson E., Izsa´k A., (2015). Knowledge and motivation as mediators in mathematics teaching practice: 

the case of drawn models for fraction arithmetic. Journal of Mathematics Teacher Education, 18(5), 

467-488. https://doi.org/10.1007/s10857-015-9320-0. 

Janvier C., (1987). Translation processes in mathematics education. In C. Janvier (Ed.), Problems of 

representation in the teaching and learning of mathematics (pp. 27-32). Hillsdale, NJ: Lawrence 

Erlbaum. 

Jordan N. C., Hansen N., Fuchs L. S., Siegler R. S., Gersten R., Micklos D., (2013). Developmental 

predictors of fraction concepts and procedures. Journal of Experimental Child Psychology, 116(1), 45 

– 58. https://doi.org/10.1016/j.jecp.2013.02.001. 

Kieren T. E., (1992). Rational and fractional numbers as mathematical and personal knowledge: 

Implications for curriculum and instruction. In R. Leinhardt, R. Putnam, & R. A. Hattrup (Eds.), 

Analysis of arithmetic for mathematics teaching (pp. 323 – 371). Hillsdale, NJ: Lawrence Erlbaum 

Associates. 

Lester F. K., Garofalo J., Kroll, D. L. (1989). Self-confidence, interest, beliefs, and metacognition: Key 

influences on problem-solving behavior. In D. B. McLeod & V. M. Adams (Eds.), Affect and 

Mathematical Problem Solving (pp. 75-88). New York: Springer-Verlag. 

Lee J. S., Shin J., (2015). Distributive partitioning operation in mathematical situations involving fractional 

quantities. International Journal of Science and Mathematics Education, 13(2), 329-355.  

https://doi.org/10.1007/s10763-013-9478-9. 

http://dx.doi.org/10.1016/j.jmathb.2007.03.002
https://doi.org/org/10.1016/j.jmathb.2013.06.007
http://dx.doi.org/10.1007/s10857-016-9344-0
https://doi.org/10.1080/14794802.2015.1019914
https://doi.org/10.1007/s10857-015-9320-0
https://doi.org/10.1016/j.jecp.2013.02.001
https://doi.org/10.1007/s10763-013-9478-9


Multiple representations and development of students' self-confidence on rational number 

 

 
EDiMaST — Volume 4, 2018  585 
 

 
 

Lee M. Y, Hackenberg A. J., (2014). Relationships between fractional knowledge and algebraic reasoning: 

The case of Willa. International Journal of Science and Mathematics Education, 12(4), 975-1000. 

https://doi.org/10.1007/s10763-013-9442-8. 

Lo J-J., (1993). Conceptual bases of young children’s solution strategies of missing value proportional 

tasks. Proc. of the Seventeenth International Conference of Psychology of Mathematics Education (pp. 

162-177). Tsukuba, Japan: University of Tsukuba. 

Mack N. K., (2001). Building on informal knowledge through instruction in a complex content domain: 

Partitioning, units and understanding multiplication of fractions. Journal for Research in Mathematics 

Education, 32(3), 267 – 295. https://doi.org/10.2307/749828.  

National Council of Teachers of Mathematics, (2000). Principles and standards for school mathematics. 

Reston, VA: National Council of Teachers of Mathematics. 

Olive J., Vomvoridi E., (2006). Making sense of instruction on fractions when a student lacks necessary 

fractional schemes: The case of Tim. Journal of Mathematical Behavior, 25(1), 18–45. 

     https://doi.org/10.1016/j.jmathb.2005.11.003. 

Petakos, K., (2016). Comparing fractions at the age of 11 through the use of the zone of proximal 

development. Experiences of Teaching with Mathematics, Sciences and Technology, 2(2), 369-375. 

Rønning F., (2013). Making sense of fractions in different contexts. Research in Mathematics Education, 

15(2), 201-202. https://doi.org/10.1080/14794802.2013.797741. 

Ryken A., (2009). Multiple representations as sites for teacher reflection about mathematics learning. 

Journal of Mathematics Teacher Education, 19(2-3), 205-226. https://doi.org/10.1007/s10857-009-

9107-2.    

Schoenfeld A. (1992). Learning to think mathematically: problem solving, metacognition and sense making 

in mathematics. In A. D. Grows (Ed.), Handbook of research on mathematics learning and teaching, 

(pp.334-370). 

Sedig K., Sumner M., (2006). Characterizing interaction with visual mathematical representations. 

International Journal of Computers for Mathematical Learning, 11(2), 1–55. 

https://doi.org/10.1007/s10758-006-0001-z. 

Sfard A., (1991). On the dual nature of mathematical conceptions: Reflections on processes and objects as 

different sides of the same coin. Educational Studies in Mathematics, 22(1), 1-36. 

     https://doi.org/10.1007/BF00302715. 

Shahbari A. J, Peled I., (2015). Resolving cognitive conflict in a realistic situation with modeling 

characteristics: coping with a changing reference in fractions. International Journal of Science and 

Mathematics Education, 13(4), 891-907. https://doi.org/10.1007/s10763-014-9509-1. 

Steffe L. P., Olive J., (2010). Children ’ s fractional knowledge. New York: Springer. 

Streefland L., (1991). Fractions in realistic mathematics education: A paradigm of developmental research. 

Dordrecht, Τhe Netherlands: Kluwer. 

Tobias M. J., (2013). Prospective elementary teachers’ development of fraction language for defining the 

whole. Journal of Mathematics Teacher Education, 16(2), 85-103. https://doi.org/10.1007/s10857-012-

9212-5. 

 

 

https://doi.org/10.1007/s10763-013-9442-8
https://doi.org/10.2307/749828
https://doi.org/10.1016/j.jmathb.2005.11.003
https://doi.org/10.1080/14794802.2013.797741
https://doi.org/10.1007/s10857-009-9107-2
https://doi.org/10.1007/s10857-009-9107-2
https://doi.org/10.1007/s10758-006-0001-z
https://doi.org/10.1007/BF00302715
https://doi.org/10.1007/s10763-014-9509-1
https://doi.org/10.1007/s10857-012-9212-5
https://doi.org/10.1007/s10857-012-9212-5


Roza Vlachou, Evgenios Avgerinos 

 
 

 
586   EDiMaST — Volume 4, 2018 
 
 

 

About the Authors 

 

Evgenios Avgerinos 

Mathematics Education and Multimedia Laboratory,  

Department of Education, University of the Aegean 

1 Demokratias av., 85100 Rhodes, Greece 

eavger@aegean.gr   

Short Curriculum 

 Professor of Mathematics and Mathematics Education.  

 Manager of Mathematics Education and Multimedia Laboratory of 

the Department of Education, University of the Aegean.  

 Scientist in the numerous research programs.  

 Collaborates with the Greek Ministry of Education. 

 From1990 he is reviewer in 5 international journals. 

 He is the author of numerous scientific papers. 

  

 

 

Roza Vlachou 

Mathematics Education and Multimedia Laboratory,  

Department of Education, University of the Aegean 

1 Demokratias av., 85100 Rhodes, Greece 

r.vlachou@aegean.gr 

 

Short Curriculum 

 Teacher in Primary Schools.   

 PhD cadidate about the didactic of Mathematics.  

 Cooperator of Mathematics Education and Multimedia Laboratory 

of the Department of Education, University of the Aegean.  

 Instructor on teacher education.  

 Peer Review Board in 6 Panhellenic conferences and 1 international 

conference. 

 25 publications in international and nationwide conferences, 

international journals, chapter in book. 

 

Received October 05, 2018; revised November 18, 2018; accepted November 29, 2018; published online December 11, 2018 

Open Access  This paper is distributed under the terms of the 

Creative Commons Attribution 4.0 International (CC BY 4.0) 
 

 

mailto:eavger@aegean.gr
mailto:r.vlachou@aegean.gr
https://creativecommons.org/licenses/by/4.0/

